In this article, we proposed new Pythagorean trapezoidal uncertain linguistic fuzzy aggregation information-namely, the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging (PTULFEOWA) operator, and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid weighted averaging (PTULFEHWA) operator-using the Einstein operational laws. We studied some important properties of the suggested aggregation operators and showed that the PTULFEHWA is more general than the other proposed operators, which simplifies these aggregation operators. Furthermore, we presented a multiple attribute group decision making (MADM) process for the proposed aggregation operators under the Pythagorean trapezoidal uncertain linguistic fuzzy (PTULF) environment. A numerical example was constructed to determine the effectiveness and practicality of the proposed approach. Lastly, a comparative analysis was performed of the presented approach with existing approaches to show that the proposed method is consistent and provides more information that may be useful for complex problems in the decision-making process.
Introduction
The communication of the decision-making process is a very complex problem when we are receiving information about attributes. One the most powerful theories is that of the multi attribute decision making (MADM), which handles problems that extensively impact the human real-life problems. The basic methodology is that a decision maker is presented with his evaluation in a set of many attributes and alternatives to find the best ranking order alternative in MADM approaches. Zadeh [1] introduced a fuzzy set with the generalization of a classical set to solve ambiguous and vague information. Fuzzy set is used in many practical situations and has grown as an independent theory the Pythagorean fuzzy weighted averaging (PFWA), the Pythagorean fuzzy weighted power averaging (PFWPA), and the Pythagorean fuzzy weighted power geometric (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy aggregation operator using Einstein operational laws and used them in the decision-making process.
Shakeel et al. [19] presented some aggregation operators to use the decision information represented by PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) operator, the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and the Pythagorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended the work of aggregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted averaging (IVPTFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging (IVPTFHA) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new concept of the Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) operator, the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-IVPTFEHG) operator, and their applications in decision making problems. Shakeel et al. [21] further extended the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the interval-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (IVPTFEOWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (IVPTFEHG), and their applications in decision making. The detail literature survey of aggregation operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
In this paper, we introduce a new aggregation operator using Einstein operations under trapezoidal uncertain linguistic fuzzy sets and their applications in decision making. The motivations for the study are listed below.
(1) Our anticipated aggregation information is more general and precise compared to the existing information. ( 2) The objectives of the study include proposing a PTULF Einstein aggregation operator and its operational laws, score, and accuracy function, establishing the MADM program approach based on the PTULF Einstein aggregation operators, and providing illustrative examples of the MADM program. ( 3) The comparative analysis is a strong testament to the new approach, as it shows that the proposed study is consistent.
To solve a MADM process, the weight of the attributes plays an important role in making decisions under the aggregation approaches.
The rest of the paper is arranged is follows. Section 2 consists of the background materials. Section 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging (PTULFEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid averaging (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL environment. In Section 5, a numerical example is given to demonstrate the importance of the methodologies. Section 6 shows a comparative study of the proposed and existing approaches. The conclusion is given in Section 7.
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en domain as follows:
Example 2. Let α = (0.8, 0.3), α 1 = (0.5, 0.6), α 2 = (0.4, 0.7) be any three PFNs, and δ = 0.3. Then, we verify the above results such that,
(0.6) (0.7) = √ 0.37, 0.42 = (0.85, 0.17). [ , ] . 
Einstein Operations with Pythagorean Trapezoidal Fuzzy Numbers
The main Einstein operational laws are defined as follows:
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c set (IULS), where [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
(1) Our anticipated aggregation information is more general and precise compared to the existing information.
(2) The objectives of the study include proposing a PTULF Einstein aggregation operator and its operational laws, score, and accuracy function, establishing the MADM program approach based on the PTULF Einstein aggregation operators, and providing illustrative examples of the MADM program.
(3) The comparative analysis is a strong testament to the new approach, as it shows that the proposed study is consistent.
The rest of the paper is arranged is follows. Section 2 consists of the background materials. 
tion 7. 
( es the MADM technique under the PTFL given to demonstrate the importance of the of the proposed and existing approaches. The omain as follows:
where 
or. Section 4 describes the MADM technique under the PTFL merical example is given to demonstrate the importance of the a comparative study of the proposed and existing approaches. The s ∈ , and P is a given domain as follows: 
n operational laws and used them in the decision-making process. some aggregation operators to use the decision information the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) idal fuzzy ordered weighted averaging (PTFOWA) operator, and hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended into the interval-valued Pythagorean trapezoidal fuzzy weighted the ordered weighted (IVPTFOWA), and the hybrid averaging l. [20] 
tein operational laws and used them in the decision-making process. ted some aggregation operators to use the decision information g the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) zoidal fuzzy ordered weighted averaging (PTFOWA) operator, and zzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended ors into the interval-valued Pythagorean trapezoidal fuzzy weighted r, the ordered weighted (IVPTFOWA), and the hybrid averaging t al. [20] 
ator. Garg [18] introduced a new generalized Pythagorean fuzzy in operational laws and used them in the decision-making process. d some aggregation operators to use the decision information the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) oidal fuzzy ordered weighted averaging (PTFOWA) operator, and y hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended s into the interval-valued Pythagorean trapezoidal fuzzy weighted the ordered weighted (IVPTFOWA), and the hybrid averaging al. [20] 
) operator. Garg [18] introduced a new generalized Pythagorean fuzzy Einstein operational laws and used them in the decision-making process. resented some aggregation operators to use the decision information luding the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and al fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended erators into the interval-valued Pythagorean trapezoidal fuzzy weighted erator, the ordered weighted (IVPTFOWA), and the hybrid averaging keel et al. [20] 
tor. Garg [18] introduced a new generalized Pythagorean fuzzy n operational laws and used them in the decision-making process. some aggregation operators to use the decision information the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) idal fuzzy ordered weighted averaging (PTFOWA) operator, and hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended into the interval-valued Pythagorean trapezoidal fuzzy weighted the ordered weighted (IVPTFOWA), and the hybrid averaging l. [20] 
operator. Garg [18] introduced a new generalized Pythagorean fuzzy Einstein operational laws and used them in the decision-making process. esented some aggregation operators to use the decision information uding the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) rapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and l fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended erators into the interval-valued Pythagorean trapezoidal fuzzy weighted rator, the ordered weighted (IVPTFOWA), and the hybrid averaging eel et al. [20] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
new aggregation operator using Einstein operations under y sets and their applications in decision making. The motivations formation is more general and precise compared to the existing lude proposing a PTULF Einstein aggregation operator and its ccuracy function, establishing the MADM program approach gregation operators, and providing illustrative examples of the strong testament to the new approach, as it shows that the e weight of the attributes plays an important role in making roaches. ed is follows. Section 2 consists of the background materials. gregation operator under Einstein operations, the Pythagorean zy Einstein weighted averaging (PTULFEWA) operator, the n linguistic fuzzy Einstein ordered weighted averaging rean trapezoidal uncertain linguistic fuzzy Einstein hybrid Section 4 describes the MADM technique under the PTFL rical example is given to demonstrate the importance of the mparative study of the proposed and existing approaches. The and P is a given domain as follows:
guistic set (IULS), where 
istic set (IULS), where
rator. Garg [18] introduced a new generalized Pythagorean fuzzy ein operational laws and used them in the decision-making process. ed some aggregation operators to use the decision information g the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) zoidal fuzzy ordered weighted averaging (PTFOWA) operator, and zy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended rs into the interval-valued Pythagorean trapezoidal fuzzy weighted , the ordered weighted (IVPTFOWA), and the hybrid averaging al. [20] 
linguistic set (IULS), where
.
P is a given domain as follows:
] s ∈ , and P is a given domain as follows:
n linguistic set (IULS), where
l example is given to demonstrate the importance of the arative study of the proposed and existing approaches. The P is a given domain as follows:
tic set (IULS), where
umerical example is given to demonstrate the importance of the s a comparative study of the proposed and existing approaches. The .
  be any three PTULFNs and δ = 0.4. Then, we verify the above laws as follows:
(1) 
NS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) gorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and pezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended ation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted A) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging rs. Shakeel et al. [20] used Einstein operational laws and proposed a new concept n trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) ed interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (Ior, and their applications in decision making problems. Shakeel et al. [21] further to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the hagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, d Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric erator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid HG), and their applications in decision making. The detail literature survey of ors and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
we introduce a new aggregation operator using Einstein operations under in linguistic fuzzy sets and their applications in decision making. The motivations ted below. d aggregation information is more general and precise compared to the existing of the study include proposing a PTULF Einstein aggregation operator and its ws, score, and accuracy function, establishing the MADM program approach TULF Einstein aggregation operators, and providing illustrative examples of the m. ive analysis is a strong testament to the new approach, as it shows that the y is consistent.
DM process, the weight of the attributes plays an important role in making aggregation approaches. e paper is arranged is follows. Section 2 consists of the background materials. a new PTULF aggregation operator under Einstein operations, the Pythagorean in linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the zoidal uncertain linguistic fuzzy Einstein ordered weighted averaging nd the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid EHA) operator. Section 4 describes the MADM technique under the PTFL ction 5, a numerical example is given to demonstrate the importance of the tion 6 shows a comparative study of the proposed and existing approaches. The in Section 7.
, and P is a given domain as follows:
istic uncertain linguistic set (IULS), where
be PTULFNs, a score function s is;
perator. Garg [18] introduced a new generalized Pythagorean fuzzy instein operational laws and used them in the decision-making process. ented some aggregation operators to use the decision information ding the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) pezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended ators into the interval-valued Pythagorean trapezoidal fuzzy weighted tor, the ordered weighted (IVPTFOWA), and the hybrid averaging l et al. [20] tion information is more general and precise compared to the existing dy include proposing a PTULF Einstein aggregation operator and its and accuracy function, establishing the MADM program approach stein aggregation operators, and providing illustrative examples of the is is a strong testament to the new approach, as it shows that the tent.
cess, the weight of the attributes plays an important role in making ion approaches.
arranged is follows. Section 2 consists of the background materials. LF aggregation operator under Einstein operations, the Pythagorean stic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ncertain linguistic fuzzy Einstein ordered weighted averaging ythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid erator. Section 4 describes the MADM technique under the PTFL numerical example is given to demonstrate the importance of the ws a comparative study of the proposed and existing approaches. The 7.
( ) ] p s ∈ , and P is a given domain as follows:
tain linguistic set (IULS), where
FWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy r using Einstein operational laws and used them in the decision-making process. [19] presented some aggregation operators to use the decision information NS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) orean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and pezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended tion operators into the interval-valued Pythagorean trapezoidal fuzzy weighted A) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging rs. Shakeel et al. [20] used Einstein operational laws and proposed a new concept trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) d interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (Ir, and their applications in decision making problems. Shakeel et al. [21] further to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the agorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric rator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid G), and their applications in decision making. The detail literature survey of rs and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . we introduce a new aggregation operator using Einstein operations under n linguistic fuzzy sets and their applications in decision making. The motivations ed below.
aggregation information is more general and precise compared to the existing of the study include proposing a PTULF Einstein aggregation operator and its s, score, and accuracy function, establishing the MADM program approach ULF Einstein aggregation operators, and providing illustrative examples of the m. ve analysis is a strong testament to the new approach, as it shows that the is consistent.
DM process, the weight of the attributes plays an important role in making aggregation approaches. paper is arranged is follows. Section 2 consists of the background materials. new PTULF aggregation operator under Einstein operations, the Pythagorean in linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the zoidal uncertain linguistic fuzzy Einstein ordered weighted averaging d the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid HA) operator. Section 4 describes the MADM technique under the PTFL ction 5, a numerical example is given to demonstrate the importance of the ion 6 shows a comparative study of the proposed and existing approaches. The in Section 7.
stic uncertain linguistic set (IULS), where
be PTULNs, an accuracy function h is;
perator. Garg [18] introduced a new generalized Pythagorean fuzzy instein operational laws and used them in the decision-making process. ented some aggregation operators to use the decision information ding the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) pezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended ators into the interval-valued Pythagorean trapezoidal fuzzy weighted tor, the ordered weighted (IVPTFOWA), and the hybrid averaging el et al. [20] tion information is more general and precise compared to the existing dy include proposing a PTULF Einstein aggregation operator and its , and accuracy function, establishing the MADM program approach stein aggregation operators, and providing illustrative examples of the sis is a strong testament to the new approach, as it shows that the tent.
arranged is follows. Section 2 consists of the background materials. ULF aggregation operator under Einstein operations, the Pythagorean stic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ncertain linguistic fuzzy Einstein ordered weighted averaging ythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid erator. Section 4 describes the MADM technique under the PTFL numerical example is given to demonstrate the importance of the ws a comparative study of the proposed and existing approaches. The 7.
( ) ] t p s ∈ , and P is a given domain as follows:
tain linguistic set (IULS), where 
Proof. (1), (2) Easy to proof.
(3). Let n be a positive integer and α is PTULFE. Then,
To prove the above theorem, we use mathematical induction. First, Equation (9) holds for n = 2. Since
f the study include proposing a PTULF Einstein aggregation operator and its s, score, and accuracy function, establishing the MADM program approach ULF Einstein aggregation operators, and providing illustrative examples of the . e analysis is a strong testament to the new approach, as it shows that the is consistent.
DM process, the weight of the attributes plays an important role in making ggregation approaches. paper is arranged is follows. Section 2 consists of the background materials. new PTULF aggregation operator under Einstein operations, the Pythagorean n linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the oidal uncertain linguistic fuzzy Einstein ordered weighted averaging the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid HA) operator. Section 4 describes the MADM technique under the PTFL tion 5, a numerical example is given to demonstrate the importance of the on 6 shows a comparative study of the proposed and existing approaches. The Section 7.
s of the study include proposing a PTULF Einstein aggregation operator and its ws, score, and accuracy function, establishing the MADM program approach PTULF Einstein aggregation operators, and providing illustrative examples of the am. tive analysis is a strong testament to the new approach, as it shows that the y is consistent.
ADM process, the weight of the attributes plays an important role in making e aggregation approaches. e paper is arranged is follows. Section 2 consists of the background materials. a new PTULF aggregation operator under Einstein operations, the Pythagorean tain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging nd the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid EHA) operator. Section 4 describes the MADM technique under the PTFL ection 5, a numerical example is given to demonstrate the importance of the ction 6 shows a comparative study of the proposed and existing approaches. The in Section 7.
of the study include proposing a PTULF Einstein aggregation operator and its s, score, and accuracy function, establishing the MADM program approach TULF Einstein aggregation operators, and providing illustrative examples of the m. ive analysis is a strong testament to the new approach, as it shows that the y is consistent.
DM process, the weight of the attributes plays an important role in making aggregation approaches. paper is arranged is follows. Section 2 consists of the background materials. new PTULF aggregation operator under Einstein operations, the Pythagorean in linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the zoidal uncertain linguistic fuzzy Einstein ordered weighted averaging d the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid EHA) operator. Section 4 describes the MADM technique under the PTFL ction 5, a numerical example is given to demonstrate the importance of the tion 6 shows a comparative study of the proposed and existing approaches. The in Section 7.
ion. ctives of the study include proposing a PTULF Einstein aggregation operator and its nal laws, score, and accuracy function, establishing the MADM program approach the PTULF Einstein aggregation operators, and providing illustrative examples of the program. parative analysis is a strong testament to the new approach, as it shows that the study is consistent. a MADM process, the weight of the attributes plays an important role in making er the aggregation approaches. of the paper is arranged is follows. Section 2 consists of the background materials. sents a new PTULF aggregation operator under Einstein operations, the Pythagorean ncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging A), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid TULFEHA) operator. Section 4 describes the MADM technique under the PTFL In Section 5, a numerical example is given to demonstrate the importance of the s. Section 6 shows a comparative study of the proposed and existing approaches. The given in Section 7.
ies [10] . Let ( ) ( )
tuitionistic uncertain linguistic set (IULS), where
D and N-MD, respectively, with the condition
ated aggregation information is more general and precise compared to the existing . ves of the study include proposing a PTULF Einstein aggregation operator and its laws, score, and accuracy function, establishing the MADM program approach e PTULF Einstein aggregation operators, and providing illustrative examples of the gram. rative analysis is a strong testament to the new approach, as it shows that the tudy is consistent.
MADM process, the weight of the attributes plays an important role in making the aggregation approaches. the paper is arranged is follows. Section 2 consists of the background materials. ts a new PTULF aggregation operator under Einstein operations, the Pythagorean ertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the apezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging , and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid LFEHA) operator. Section 4 describes the MADM technique under the PTFL Section 5, a numerical example is given to demonstrate the importance of the Section 6 shows a comparative study of the proposed and existing approaches. The en in Section 7.
tionistic uncertain linguistic set (IULS), where
and N-MD, respectively, with the condition
, we introduce a new aggregation operator using Einstein operations under ain linguistic fuzzy sets and their applications in decision making. The motivations sted below.
ed aggregation information is more general and precise compared to the existing s of the study include proposing a PTULF Einstein aggregation operator and its ws, score, and accuracy function, establishing the MADM program approach PTULF Einstein aggregation operators, and providing illustrative examples of the am. tive analysis is a strong testament to the new approach, as it shows that the dy is consistent.
ADM process, the weight of the attributes plays an important role in making e aggregation approaches. e paper is arranged is follows. Section 2 consists of the background materials. a new PTULF aggregation operator under Einstein operations, the Pythagorean tain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging nd the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid FEHA) operator. Section 4 describes the MADM technique under the PTFL ection 5, a numerical example is given to demonstrate the importance of the ction 6 shows a comparative study of the proposed and existing approaches. The in Section 7.
nistic uncertain linguistic set (IULS), where
paper, we introduce a new aggregation operator using Einstein operations under ncertain linguistic fuzzy sets and their applications in decision making. The motivations are listed below.
ticipated aggregation information is more general and precise compared to the existing tion. ectives of the study include proposing a PTULF Einstein aggregation operator and its nal laws, score, and accuracy function, establishing the MADM program approach n the PTULF Einstein aggregation operators, and providing illustrative examples of the program. parative analysis is a strong testament to the new approach, as it shows that the d study is consistent.
e a MADM process, the weight of the attributes plays an important role in making der the aggregation approaches. t of the paper is arranged is follows. Section 2 consists of the background materials. esents a new PTULF aggregation operator under Einstein operations, the Pythagorean uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging A), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL t. In Section 5, a numerical example is given to demonstrate the importance of the ies. Section 6 shows a comparative study of the proposed and existing approaches. The s given in Section 7.
ries
. [10] . Let ( ) ( )
MD and N-MD, respectively, with the condition
Therefore, Equation (9) holds for n = 2. If Equation (9) holds for n = k. Then,
he induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-) operator, and their applications in decision making problems. Shakeel et al. [21] further the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the lued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, al-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric WG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid (IVPTFEHG), and their applications in decision making. The detail literature survey of n operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . s paper, we introduce a new aggregation operator using Einstein operations under l uncertain linguistic fuzzy sets and their applications in decision making. The motivations dy are listed below. nticipated aggregation information is more general and precise compared to the existing ation. bjectives of the study include proposing a PTULF Einstein aggregation operator and its tional laws, score, and accuracy function, establishing the MADM program approach on the PTULF Einstein aggregation operators, and providing illustrative examples of the M program. omparative analysis is a strong testament to the new approach, as it shows that the sed study is consistent. lve a MADM process, the weight of the attributes plays an important role in making nder the aggregation approaches. est of the paper is arranged is follows. Section 2 consists of the background materials. resents a new PTULF aggregation operator under Einstein operations, the Pythagorean l uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the an trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging WA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL nt. In Section 5, a numerical example is given to demonstrate the importance of the gies. Section 6 shows a comparative study of the proposed and existing approaches. The is given in Section 7. aries 1. [10] . Let ( ) ( ) 
agorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (Ioperator, and their applications in decision making problems. Shakeel et al. [21] further work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the ed Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, -valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric G) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid PTFEHG), and their applications in decision making. The detail literature survey of operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . paper, we introduce a new aggregation operator using Einstein operations under ncertain linguistic fuzzy sets and their applications in decision making. The motivations are listed below. icipated aggregation information is more general and precise compared to the existing tion. ctives of the study include proposing a PTULF Einstein aggregation operator and its nal laws, score, and accuracy function, establishing the MADM program approach the PTULF Einstein aggregation operators, and providing illustrative examples of the program. parative analysis is a strong testament to the new approach, as it shows that the d study is consistent. e a MADM process, the weight of the attributes plays an important role in making der the aggregation approaches.
of the paper is arranged is follows. Section 2 consists of the background materials. sents a new PTULF aggregation operator under Einstein operations, the Pythagorean uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging A), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid TULFEHA) operator. Section 4 describes the MADM technique under the PTFL . In Section 5, a numerical example is given to demonstrate the importance of the es. Section 6 shows a comparative study of the proposed and existing approaches. The given in Section 7.
ies
. [10] . Let ( ) ( ) .
Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) or, the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-EHG) operator, and their applications in decision making problems. Shakeel et al. [21] further ed the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the l-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, terval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric EOWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid tric (IVPTFEHG), and their applications in decision making. The detail literature survey of ation operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . this paper, we introduce a new aggregation operator using Einstein operations under idal uncertain linguistic fuzzy sets and their applications in decision making. The motivations study are listed below.
ur anticipated aggregation information is more general and precise compared to the existing formation. e objectives of the study include proposing a PTULF Einstein aggregation operator and its erational laws, score, and accuracy function, establishing the MADM program approach sed on the PTULF Einstein aggregation operators, and providing illustrative examples of the ADM program. e comparative analysis is a strong testament to the new approach, as it shows that the oposed study is consistent.
solve a MADM process, the weight of the attributes plays an important role in making ns under the aggregation approaches. e rest of the paper is arranged is follows. Section 2 consists of the background materials. 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean idal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the orean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging FEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid ing (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL nment. In Section 5, a numerical example is given to demonstrate the importance of the ologies. Section 6 shows a comparative study of the proposed and existing approaches. The sion is given in Section 7. iminaries tion 1. [10] . Let ( ) ( ) .
) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new concept thagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) he induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-) operator, and their applications in decision making problems. Shakeel et al. [21] further he work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the lued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, al-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric G) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid (IVPTFEHG), and their applications in decision making. The detail literature survey of n operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . s paper, we introduce a new aggregation operator using Einstein operations under l uncertain linguistic fuzzy sets and their applications in decision making. The motivations y are listed below. nticipated aggregation information is more general and precise compared to the existing ation. bjectives of the study include proposing a PTULF Einstein aggregation operator and its tional laws, score, and accuracy function, establishing the MADM program approach on the PTULF Einstein aggregation operators, and providing illustrative examples of the M program. omparative analysis is a strong testament to the new approach, as it shows that the sed study is consistent.
lve a MADM process, the weight of the attributes plays an important role in making nder the aggregation approaches. st of the paper is arranged is follows. Section 2 consists of the background materials. resents a new PTULF aggregation operator under Einstein operations, the Pythagorean l uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the n trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging WA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL nt. In Section 5, a numerical example is given to demonstrate the importance of the gies. Section 6 shows a comparative study of the proposed and existing approaches. The is given in Section 7. aries 1. [10] . Let ( ) ( ) .
tor, the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and thagorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended rk of aggregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted ing (IVPTFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging FHA) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new concept Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) tor, the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-EHG) operator, and their applications in decision making problems. Shakeel et al. [21] further ed the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the al-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, nterval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric FEOWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid tric (IVPTFEHG), and their applications in decision making. The detail literature survey of ation operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
this paper, we introduce a new aggregation operator using Einstein operations under oidal uncertain linguistic fuzzy sets and their applications in decision making. The motivations study are listed below.
ur anticipated aggregation information is more general and precise compared to the existing formation. he objectives of the study include proposing a PTULF Einstein aggregation operator and its perational laws, score, and accuracy function, establishing the MADM program approach ased on the PTULF Einstein aggregation operators, and providing illustrative examples of the ADM program. he comparative analysis is a strong testament to the new approach, as it shows that the roposed study is consistent.
o solve a MADM process, the weight of the attributes plays an important role in making ons under the aggregation approaches. he rest of the paper is arranged is follows. Section 2 consists of the background materials. n 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean oidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the gorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging FEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid ing (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL nment. In Section 5, a numerical example is given to demonstrate the importance of the dologies. Section 6 shows a comparative study of the proposed and existing approaches. The sion is given in Section 7. liminaries ition 1. [10] . Let ( ) ( ) .
ed by PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and gorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended of aggregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted (IVPTFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging A) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new concept ythagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-G) operator, and their applications in decision making problems. Shakeel et al. [21] further the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the alued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, rval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric WG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid c (IVPTFEHG), and their applications in decision making. The detail literature survey of on operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . is paper, we introduce a new aggregation operator using Einstein operations under al uncertain linguistic fuzzy sets and their applications in decision making. The motivations dy are listed below.
anticipated aggregation information is more general and precise compared to the existing mation. objectives of the study include proposing a PTULF Einstein aggregation operator and its ational laws, score, and accuracy function, establishing the MADM program approach d on the PTULF Einstein aggregation operators, and providing illustrative examples of the M program. comparative analysis is a strong testament to the new approach, as it shows that the osed study is consistent.
olve a MADM process, the weight of the attributes plays an important role in making under the aggregation approaches. rest of the paper is arranged is follows. Section 2 consists of the background materials. presents a new PTULF aggregation operator under Einstein operations, the Pythagorean al uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging OWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL ent. In Section 5, a numerical example is given to demonstrate the importance of the logies. Section 6 shows a comparative study of the proposed and existing approaches. The n is given in Section 7. inaries n 1. [10] . Let ( ) ( )
, and P is a given domain as follows: .
presented by PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) perator, the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and e Pythagorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended e work of aggregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted veraging (IVPTFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging VPTFHA) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new concept f the Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) perator, the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-PTFEHG) operator, and their applications in decision making problems. Shakeel et al. [21] further xtended the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the terval-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, e interval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric VPTFEOWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid eometric (IVPTFEHG), and their applications in decision making. The detail literature survey of ggregation operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
In this paper, we introduce a new aggregation operator using Einstein operations under apezoidal uncertain linguistic fuzzy sets and their applications in decision making. The motivations r the study are listed below.
) Our anticipated aggregation information is more general and precise compared to the existing information. ) The objectives of the study include proposing a PTULF Einstein aggregation operator and its operational laws, score, and accuracy function, establishing the MADM program approach based on the PTULF Einstein aggregation operators, and providing illustrative examples of the MADM program. ) The comparative analysis is a strong testament to the new approach, as it shows that the proposed study is consistent.
To solve a MADM process, the weight of the attributes plays an important role in making ecisions under the aggregation approaches.
The rest of the paper is arranged is follows. Section 2 consists of the background materials. ection 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean apezoidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ythagorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging TULFEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid veraging (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL nvironment. In Section 5, a numerical example is given to demonstrate the importance of the ethodologies. Section 6 shows a comparative study of the proposed and existing approaches. The onclusion is given in Section 7.
. Preliminaries efinition 1. [10] . Let ( ) ( )
Hence Equation (9) holds for n = k + 1, therefore Equation (9) holds for all n. (4). Let m be any positive integer and α is Pythagorean trapezoidal fuzzy number. Then, First, we show that Equation (9) holds for m = 2. Since
Section 5, a numerical example is given to demonstrate the importance of the ection 6 shows a comparative study of the proposed and existing approaches. The en in Section 7.
]. Let ( ) ( ) 
nt. In Section 5, a numerical example is given to demonstrate the importance of the gies. Section 6 shows a comparative study of the proposed and existing approaches. The is given in Section 7. aries 1. [10] . Let ( ) ( ) 
ULFEHA) operator. Section 4 describes the MADM technique under the PTFL In Section 5, a numerical example is given to demonstrate the importance of the . Section 6 shows a comparative study of the proposed and existing approaches. The iven in Section 7. 
(PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL nt. In Section 5, a numerical example is given to demonstrate the importance of the gies. Section 6 shows a comparative study of the proposed and existing approaches. The is given in Section 7. naries 1. [10] . Let ( ) ( ) 
linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the oidal uncertain linguistic fuzzy Einstein ordered weighted averaging the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid A) operator. Section 4 describes the MADM technique under the PTFL ion 5, a numerical example is given to demonstrate the importance of the n 6 shows a comparative study of the proposed and existing approaches. The Section 7.
ncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging A), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid TULFEHA) operator. Section 4 describes the MADM technique under the PTFL . In Section 5, a numerical example is given to demonstrate the importance of the es. Section 6 shows a comparative study of the proposed and existing approaches. The given in Section 7.
ies [10] . Let ( ) ( ) 
sents a new PTULF aggregation operator under Einstein operations, the Pythagorean ncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging A), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid TULFEHA) operator. Section 4 describes the MADM technique under the PTFL . In Section 5, a numerical example is given to demonstrate the importance of the es. Section 6 shows a comparative study of the proposed and existing approaches. The given in Section 7.
ies [10] 
Therefore, Equation (9) holds for m = 2. If Equation (9) holds for m = k, such that
Then, we have
gregation information is more general and precise compared to the existing he study include proposing a PTULF Einstein aggregation operator and its score, and accuracy function, establishing the MADM program approach F Einstein aggregation operators, and providing illustrative examples of the analysis is a strong testament to the new approach, as it shows that the consistent.
process, the weight of the attributes plays an important role in making regation approaches. per is arranged is follows. Section 2 consists of the background materials. w PTULF aggregation operator under Einstein operations, the Pythagorean linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the dal uncertain linguistic fuzzy Einstein ordered weighted averaging the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid ) operator. Section 4 describes the MADM technique under the PTFL n 5, a numerical example is given to demonstrate the importance of the 6 shows a comparative study of the proposed and existing approaches. The ection 7.
uncertain linguistic set (IULS), where
respectively, with the condition
ipated aggregation information is more general and precise compared to the existing on. tives of the study include proposing a PTULF Einstein aggregation operator and its al laws, score, and accuracy function, establishing the MADM program approach the PTULF Einstein aggregation operators, and providing illustrative examples of the rogram. arative analysis is a strong testament to the new approach, as it shows that the study is consistent.
a MADM process, the weight of the attributes plays an important role in making r the aggregation approaches. of the paper is arranged is follows. 
itionistic uncertain linguistic set (IULS), where
D and N-MD, respectively, with the condition
process, the weight of the attributes plays an important role in making regation approaches. per is arranged is follows. Section 
(1+
ted aggregation information is more general and precise compared to the existing . es of the study include proposing a PTULF Einstein aggregation operator and its laws, score, and accuracy function, establishing the MADM program approach PTULF Einstein aggregation operators, and providing illustrative examples of the ram. ative analysis is a strong testament to the new approach, as it shows that the dy is consistent.
ADM process, the weight of the attributes plays an important role in making he aggregation approaches. the paper is arranged is follows. Section 2 consists of the background materials. 
Hence Equation (9) holds for m = k + 1. Therefore, Equation (9) holds for all m. The Einstein operational laws of PTF numbers satisfy the following properties:
l. [20] 
(IVPTFHA) operators. Shakeel et al. [20] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
(1) Our anticipated aggregation information is more general and precise compared to the existing information. (2) The objectives of the study include proposing a PTULF Einstein aggregation operator and its operational laws, score, and accuracy function, establishing the MADM program approach based on the PTULF Einstein aggregation operators, and providing illustrative examples of the MADM program. (3) The comparative analysis is a strong testament to the new approach, as it shows that the proposed study is consistent.
Preliminaries
be any two PTULFNs. Then, the operational laws between α 1 and α 2 are shown as follows:
Proof.
(1) Result is obvious.
(2) By Einstein operational laws (1) in Definition 9 we have r anticipated aggregation information is more general and precise compared to the existing formation. e objectives of the study include proposing a PTULF Einstein aggregation operator and its erational laws, score, and accuracy function, establishing the MADM program approach sed on the PTULF Einstein aggregation operators, and providing illustrative examples of the ADM program. e comparative analysis is a strong testament to the new approach, as it shows that the oposed study is consistent.
solve a MADM process, the weight of the attributes plays an important role in making ns under the aggregation approaches. e rest of the paper is arranged is follows. Section 2 consists of the background materials. 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean idal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the orean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging EOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid ing (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL ment. In Section 5, a numerical example is given to demonstrate the importance of the ologies. Section 6 shows a comparative study of the proposed and existing approaches. The ion is given in Section 7. minaries tion 1. [10] . Let ( ) ( ) 
c (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy rator using Einstein operational laws and used them in the decision-making process. al. [19] presented some aggregation operators to use the decision information TFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) thagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended regation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted FWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging ators. Shakeel et al. [20] 
)(2− 019, 11, x FOR PEER REVIEW 3 of 33 ometric (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy on operator using Einstein operational laws and used them in the decision-making process. eel et al. [19] presented some aggregation operators to use the decision information ed by PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and gorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended of aggregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted (IVPTFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging A) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new concept ythagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-G) operator, and their applications in decision making problems. Shakeel et al. [21] further the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the alued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, val-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric WG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid (IVPTFEHG), and their applications in decision making. The detail literature survey of on operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . is paper, we introduce a new aggregation operator using Einstein operations under al uncertain linguistic fuzzy sets and their applications in decision making. The motivations dy are listed below.
olve a MADM process, the weight of the attributes plays an important role in making under the aggregation approaches. rest of the paper is arranged is follows. Section 2 consists of the background materials. presents a new PTULF aggregation operator under Einstein operations, the Pythagorean al uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging OWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL ent. In Section 5, a numerical example is given to demonstrate the importance of the logies. Section 6 shows a comparative study of the proposed and existing approaches. The n is given in Section 7. inaries n 1. [10] . Let ( ) ( ) 
er geometric (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy regation operator using Einstein operational laws and used them in the decision-making process. Shakeel et al. [19] presented some aggregation operators to use the decision information resented by PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) rator, the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and Pythagorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended work of aggregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted raging (IVPTFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging PTFHA) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new concept the Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) rator, the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-TFEHG) operator, and their applications in decision making problems. Shakeel et al. [21] further ended the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the erval-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, interval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric PTFEOWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid metric (IVPTFEHG), and their applications in decision making. The detail literature survey of regation operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
In this paper, we introduce a new aggregation operator using Einstein operations under pezoidal uncertain linguistic fuzzy sets and their applications in decision making. The motivations the study are listed below.
Our anticipated aggregation information is more general and precise compared to the existing information. The objectives of the study include proposing a PTULF Einstein aggregation operator and its operational laws, score, and accuracy function, establishing the MADM program approach based on the PTULF Einstein aggregation operators, and providing illustrative examples of the MADM program. The comparative analysis is a strong testament to the new approach, as it shows that the proposed study is consistent.
To solve a MADM process, the weight of the attributes plays an important role in making isions under the aggregation approaches.
The rest of the paper is arranged is follows. Section 2 consists of the background materials. tion 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean pezoidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the hagorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging ULFEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid raging (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL ironment. In Section 5, a numerical example is given to demonstrate the importance of the thodologies. Section 6 shows a comparative study of the proposed and existing approaches. The clusion is given in Section 7. reliminaries finition 1. [10] . Let ( ) ( ) 
Symmetry 2019, 11, x FOR PEER REVIEW 3 of 33 power geometric (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy aggregation operator using Einstein operational laws and used them in the decision-making process. Shakeel et al. [19] presented some aggregation operators to use the decision information represented by PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) operator, the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and the Pythagorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended the work of aggregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted averaging (IVPTFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging (IVPTFHA) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new concept of the Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) operator, the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-IVPTFEHG) operator, and their applications in decision making problems. Shakeel et al. [21] further extended the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the interval-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (IVPTFEOWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (IVPTFEHG), and their applications in decision making. The detail literature survey of aggregation operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
The rest of the paper is arranged is follows. Section 2 consists of the background materials. Section 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging (PTULFEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid averaging (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL environment. In Section 5, a numerical example is given to demonstrate the importance of the methodologies. Section 6 shows a comparative study of the proposed and existing approaches. The conclusion is given in Section 7. 
Preliminaries Definition 1. [10]. Let ( ) ( )
is given in Section 7. naries 1. [10] . Let ( ) ( ) 
Section 5, a numerical example is given to demonstrate the importance of the Section 6 shows a comparative study of the proposed and existing approaches. The en in Section 7. 
]. Let ( ) ( )
ent. In Section 5, a numerical example is given to demonstrate the importance of the logies. Section 6 shows a comparative study of the proposed and existing approaches. The n is given in Section 7.
inaries n 1. [10] . Let ( ) ( ) 
ironment. In Section 5, a numerical example is given to demonstrate the importance of the thodologies. Section 6 shows a comparative study of the proposed and existing approaches. The clusion is given in Section 7. 
environment. In Section 5, a numerical example is given to demonstrate the importance of the methodologies. Section 6 shows a comparative study of the proposed and existing approaches. The conclusion is given in Section 7. 
Preliminaries Definition 1. [10]. Let ( ) ( )
We can write the above equation into the following form:
3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean idal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the rean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging EOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid ng (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL ment. In Section 5, a numerical example is given to demonstrate the importance of the ologies. Section 6 shows a comparative study of the proposed and existing approaches. The ion is given in Section 7. 
on 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean ezoidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the agorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging LFEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid aging (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL ronment. In Section 5, a numerical example is given to demonstrate the importance of the odologies. Section 6 shows a comparative study of the proposed and existing approaches. The lusion is given in Section 7. 
of the paper is arranged is follows. Section 2 consists of the background materials. sents a new PTULF aggregation operator under Einstein operations, the Pythagorean ncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging A), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid TULFEHA) operator. Section 4 describes the MADM technique under the PTFL In Section 5, a numerical example is given to demonstrate the importance of the s. Section 6 shows a comparative study of the proposed and existing approaches. The given in Section 7.
e rest of the paper is arranged is follows. Section 2 consists of the background materials. 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean oidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the orean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging FEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid ing (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL nment. In Section 5, a numerical example is given to demonstrate the importance of the dologies. Section 6 shows a comparative study of the proposed and existing approaches. The sion is given in Section 7. iminaries tion 1. [10] 
The rest of the paper is arranged is follows. Section 2 consists of the background materials. ection 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean rapezoidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ythagorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging PTULFEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid veraging (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL nvironment. In Section 5, a numerical example is given to demonstrate the importance of the ethodologies. Section 6 shows a comparative study of the proposed and existing approaches. The onclusion is given in Section 7. 
Preliminaries
oach, as it shows that the important role in making the background materials. perations, the Pythagorean TULFEWA) operator, the red weighted averaging tic fuzzy Einstein hybrid chnique under the PTFL ate the importance of the d existing approaches. The
. Where
proach, as it shows that the an important role in making of the background materials. n operations, the Pythagorean (PTULFEWA) operator, the rdered weighted averaging uistic fuzzy Einstein hybrid technique under the PTFL nstrate the importance of the and existing approaches. The (1) ) s
ent to the new approach, as it shows that the e attributes plays an important role in making 
).
Then,
x−y x+y ,
We have
ezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended on operators into the interval-valued Pythagorean trapezoidal fuzzy weighted ) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging . Shakeel et al. [20] 
apezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended ation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted WA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging ors. Shakeel et al. [20] used Einstein operational laws and proposed a new concept an trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) ced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (Itor, and their applications in decision making problems. Shakeel et al. [21] further k to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the thagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, ed Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric erator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid EHG), and their applications in decision making. The detail literature survey of tors and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . , we introduce a new aggregation operator using Einstein operations under ain linguistic fuzzy sets and their applications in decision making. The motivations sted below. ed aggregation information is more general and precise compared to the existing s of the study include proposing a PTULF Einstein aggregation operator and its ws, score, and accuracy function, establishing the MADM program approach PTULF Einstein aggregation operators, and providing illustrative examples of the am. tive analysis is a strong testament to the new approach, as it shows that the dy is consistent.
ADM process, the weight of the attributes plays an important role in making e aggregation approaches. e paper is arranged is follows. Section 2 consists of the background materials. a new PTULF aggregation operator under Einstein operations, the Pythagorean tain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging nd the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid FEHA) operator. Section 4 describes the MADM technique under the PTFL ection 5, a numerical example is given to demonstrate the importance of the ction 6 shows a comparative study of the proposed and existing approaches. The in Section 7. 
ding the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) pezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended ators into the interval-valued Pythagorean trapezoidal fuzzy weighted tor, the ordered weighted (IVPTFOWA), and the hybrid averaging el et al. [20] used Einstein operational laws and proposed a new concept idal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) al-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (Ieir applications in decision making problems. Shakeel et al. [21] further al-valued Pythagorean trapezoidal fuzzy aggregation operators, the trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, orean trapezoidal fuzzy Einstein ordered weighted geometric e interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid their applications in decision making. The detail literature survey of eir applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . duce a new aggregation operator using Einstein operations under tic fuzzy sets and their applications in decision making. The motivations .
tion information is more general and precise compared to the existing dy include proposing a PTULF Einstein aggregation operator and its , and accuracy function, establishing the MADM program approach stein aggregation operators, and providing illustrative examples of the sis is a strong testament to the new approach, as it shows that the tent.
arranged is follows. Section 2 consists of the background materials. ULF aggregation operator under Einstein operations, the Pythagorean stic fuzzy Einstein weighted averaging (PTULFEWA) operator, the ncertain linguistic fuzzy Einstein ordered weighted averaging ythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid erator. Section 4 describes the MADM technique under the PTFL a numerical example is given to demonstrate the importance of the ws a comparative study of the proposed and existing approaches. The 7.
( ) ] t p s ∈ , and P is a given domain as follows: 
S, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) rean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and ezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended on operators into the interval-valued Pythagorean trapezoidal fuzzy weighted ) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging . Shakeel et al. [20] 
PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) ythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and n trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended gregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted TFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging erators. Shakeel et al. [20] 
r. Garg [18] introduced a new generalized Pythagorean fuzzy operational laws and used them in the decision-making process. some aggregation operators to use the decision information e Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) al fuzzy ordered weighted averaging (PTFOWA) operator, and ybrid averaging (PTFHA) operator. Shakeel et al. [20] extended nto the interval-valued Pythagorean trapezoidal fuzzy weighted e ordered weighted (IVPTFOWA), and the hybrid averaging [20] 
Garg [18] introduced a new generalized Pythagorean fuzzy erational laws and used them in the decision-making process. me aggregation operators to use the decision information Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) fuzzy ordered weighted averaging (PTFOWA) operator, and brid averaging (PTFHA) operator. Shakeel et al. [20] 
rator. Garg [18] introduced a new generalized Pythagorean fuzzy tein operational laws and used them in the decision-making process. ted some aggregation operators to use the decision information g the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) zoidal fuzzy ordered weighted averaging (PTFOWA) operator, and zy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended rs into the interval-valued Pythagorean trapezoidal fuzzy weighted , the ordered weighted (IVPTFOWA), and the hybrid averaging t al. [20] 
power geometric (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy aggregation operator using Einstein operational laws and used them in the decision-making process. Shakeel et al. [19] presented some aggregation operators to use the decision information represented by PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) operator, the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and the Pythagorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended the work of aggregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted averaging (IVPTFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging (IVPTFHA) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new concept of the Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) operator, the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-IVPTFEHG) operator, and their applications in decision making problems. Shakeel et al. [21] further extended the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the interval-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (IVPTFEOWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (IVPTFEHG), and their applications in decision making. The detail literature survey of aggregation operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
Preliminaries Definition 1. [10]. Let ( ) ( )
We consider
r geometric (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy gation operator using Einstein operational laws and used them in the decision-making process. hakeel et al. [19] presented some aggregation operators to use the decision information sented by PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) tor, the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and ythagorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . n this paper, we introduce a new aggregation operator using Einstein operations under zoidal uncertain linguistic fuzzy sets and their applications in decision making. The motivations e study are listed below.
ur anticipated aggregation information is more general and precise compared to the existing nformation. he objectives of the study include proposing a PTULF Einstein aggregation operator and its perational laws, score, and accuracy function, establishing the MADM program approach ased on the PTULF Einstein aggregation operators, and providing illustrative examples of the ADM program. he comparative analysis is a strong testament to the new approach, as it shows that the roposed study is consistent.
o solve a MADM process, the weight of the attributes plays an important role in making ions under the aggregation approaches. he rest of the paper is arranged is follows. Section 2 consists of the background materials. n 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean zoidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the gorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging LFEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid ging (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL onment. In Section 5, a numerical example is given to demonstrate the importance of the odologies. Section 6 shows a comparative study of the proposed and existing approaches. The usion is given in Section 7. liminaries ition 1. [10] . Let ( ) ( ) 
WPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy using Einstein operational laws and used them in the decision-making process. 19] presented some aggregation operators to use the decision information S, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) rean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and ezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended on operators into the interval-valued Pythagorean trapezoidal fuzzy weighted ) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging . Shakeel et al. [20] used Einstein operational laws and proposed a new concept trapezoidal fuzzy Einstein ordered weighted geometric (I-IVPTFEOWG) interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-, and their applications in decision making problems. Shakeel et al. [21] further o interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the gorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric ator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid G), and their applications in decision making. The detail literature survey of s and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
e introduce a new aggregation operator using Einstein operations under linguistic fuzzy sets and their applications in decision making. The motivations d below.
aggregation information is more general and precise compared to the existing f the study include proposing a PTULF Einstein aggregation operator and its s, score, and accuracy function, establishing the MADM program approach LF Einstein aggregation operators, and providing illustrative examples of the . e analysis is a strong testament to the new approach, as it shows that the is consistent.
M process, the weight of the attributes plays an important role in making ggregation approaches. paper is arranged is follows. Section 2 consists of the background materials. ew PTULF aggregation operator under Einstein operations, the Pythagorean linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the oidal uncertain linguistic fuzzy Einstein ordered weighted averaging the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid A) operator. Section 4 describes the MADM technique under the PTFL ion 5, a numerical example is given to demonstrate the importance of the n 6 shows a comparative study of the proposed and existing approaches. The Section 7.
r geometric (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy gation operator using Einstein operational laws and used them in the decision-making process. hakeel et al. [19] presented some aggregation operators to use the decision information ented by PTFNS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA) tor, the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and thagorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . n this paper, we introduce a new aggregation operator using Einstein operations under oidal uncertain linguistic fuzzy sets and their applications in decision making. The motivations e study are listed below.
ur anticipated aggregation information is more general and precise compared to the existing nformation. he objectives of the study include proposing a PTULF Einstein aggregation operator and its perational laws, score, and accuracy function, establishing the MADM program approach ased on the PTULF Einstein aggregation operators, and providing illustrative examples of the ADM program. he comparative analysis is a strong testament to the new approach, as it shows that the roposed study is consistent. o solve a MADM process, the weight of the attributes plays an important role in making ons under the aggregation approaches. he rest of the paper is arranged is follows. Section 2 consists of the background materials. n 3 presents a new PTULF aggregation operator under Einstein operations, the Pythagorean oidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the gorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging FEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid ging (PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL nment. In Section 5, a numerical example is given to demonstrate the importance of the dologies. Section 6 shows a comparative study of the proposed and existing approaches. The sion is given in Section 7. liminaries ition 1. [10] . Let ( ) ( ) 2 ; [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . oduce a new aggregation operator using Einstein operations under stic fuzzy sets and their applications in decision making. The motivations .
ation information is more general and precise compared to the existing tudy include proposing a PTULF Einstein aggregation operator and its e, and accuracy function, establishing the MADM program approach nstein aggregation operators, and providing illustrative examples of the sis is a strong testament to the new approach, as it shows that the istent.
ocess, the weight of the attributes plays an important role in making tion approaches. is arranged is follows. Section 2 consists of the background materials. ULF aggregation operator under Einstein operations, the Pythagorean istic fuzzy Einstein weighted averaging (PTULFEWA) operator, the uncertain linguistic fuzzy Einstein ordered weighted averaging Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid erator. Section 4 describes the MADM technique under the PTFL a numerical example is given to demonstrate the importance of the ows a comparative study of the proposed and existing approaches. The n 7.
( ) ] t p s s ∈ , and P is a given domain as follows: [ , ] .
applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . introduce a new aggregation operator using Einstein operations under guistic fuzzy sets and their applications in decision making. The motivations low.
regation information is more general and precise compared to the existing e study include proposing a PTULF Einstein aggregation operator and its core, and accuracy function, establishing the MADM program approach Einstein aggregation operators, and providing illustrative examples of the alysis is a strong testament to the new approach, as it shows that the nsistent.
process, the weight of the attributes plays an important role in making egation approaches. er is arranged is follows. Section 2 consists of the background materials. PTULF aggregation operator under Einstein operations, the Pythagorean nguistic fuzzy Einstein weighted averaging (PTULFEWA) operator, the l uncertain linguistic fuzzy Einstein ordered weighted averaging e Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid operator. Section 4 describes the MADM technique under the PTFL 5, a numerical example is given to demonstrate the importance of the shows a comparative study of the proposed and existing approaches. The ction 7.
( ) ( )

, ]
p t p s s ∈ , and P is a given domain as follows:
ncertain linguistic set (IULS), where
in decision making. The detail literature survey of lications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . a new aggregation operator using Einstein operations under y sets and their applications in decision making. The motivations formation is more general and precise compared to the existing lude proposing a PTULF Einstein aggregation operator and its ccuracy function, establishing the MADM program approach ggregation operators, and providing illustrative examples of the strong testament to the new approach, as it shows that the he weight of the attributes plays an important role in making proaches. ged is follows. Section 2 consists of the background materials. gregation operator under Einstein operations, the Pythagorean zzy Einstein weighted averaging (PTULFEWA) operator, the in linguistic fuzzy Einstein ordered weighted averaging rean trapezoidal uncertain linguistic fuzzy Einstein hybrid Section 4 describes the MADM technique under the PTFL erical example is given to demonstrate the importance of the omparative study of the proposed and existing approaches. The
, and
guistic set (IULS), where ocess, the weight of the attributes plays an important role in making tion approaches.
is arranged is follows. Section 2 consists of the background materials.
ULF
is given to demonstrate the importance of the ows a comparative study of the proposed and existing approaches. The n 7.
( ) ] t p s s ∈ , and P is a given domain as follows:
rtain linguistic set (IULS), where
, and their applications in decision making problems. Shakeel et al. e analysis is a strong testament to the new approach, as it shows that the is consistent.
M process, the weight of the attributes plays an important role in making ggregation approaches.
paper is arranged is follows. Section 2 consists of the background materials.
new 
tic uncertain linguistic set (IULS), where rative analysis is a strong testament to the new approach, as it shows that the tudy is consistent.
MADM process, the weight of the attributes plays an important role in making the aggregation approaches.
the paper is arranged is follows. Section 2 consists of the background materials.
ts 
Since ctives 
tuitionistic uncertain linguistic set (IULS), where 
D and N-MD, respectively, with the condition
rative analysis is a strong testament to the new approach, as it shows that the udy is consistent.
MADM process, the weight of the attributes plays an important role in making the aggregation approaches. the paper is arranged is follows. Section 2 consists of the background materials. 
ionistic uncertain linguistic set (IULS), where anticipated aggregation information is more general and precise compared to the existing rmation.
and N-MD, respectively, with the condition
objectives
comparative analysis is a strong testament to the new approach, as it shows that the osed study is consistent.
olve a MADM process, the weight of the attributes plays an important role in making under the aggregation approaches.
rest of the paper is arranged is follows. Section 2 consists of the background materials. 
n intuitionistic uncertain linguistic set (IULS), where .
tric (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy perator using Einstein operational laws and used them in the decision-making process.
et al. [19] presented some aggregation operators to use the decision information aper
parative analysis is a strong testament to the new approach, as it shows that the study is consistent.
a MADM process, the weight of the attributes plays an important role in making er the aggregation approaches.
of the paper is arranged is follows. Section 2 consists of the background materials. ies [10] . Let ( ) ( )
, and P is a given domain as follows: . 
the paper is arranged is follows. Section 2 consists of the background materials. ]. Let ( ) ( )
rest of the paper is arranged is follows. Section 2 consists of the background materials. inaries n 1. [10] . Let ( ) ( )
where δ 1 , δ 1 ≥ 0. Let
ic (PFWPG) operator. Garg [18] introduced a new generalized Pythagorean fuzzy erator using Einstein operational laws and used them in the decision-making process.
al. [19] arative analysis is a strong testament to the new approach, as it shows that the study is consistent.
MADM process, the weight of the attributes plays an important role in making r the aggregation approaches.
f the paper is arranged is follows. Section 2 consists of the background materials. extended the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the interval-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (IVPTFEOWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (IVPTFEHG), and their applications in decision making. The detail literature survey of aggregation operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
The rest of the paper is arranged is follows. Section 2 consists of the background materials. operator, the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (I-IVPTFEHG) operator, and their applications in decision making problems. Shakeel et al. [21] further extended the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators, the interval-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, (IVPTFEWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (IVPTFEOWG) operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric (IVPTFEHG), and their applications in decision making. The detail literature survey of aggregation operators and their applications in decision making problems discussed in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
The rest of the paper is arranged is follows. Section 2 consists of the background materials. .
Using (1) and (3) with Definition 9, we have
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Pythagorean Trapezoidal Uncertain Linguistic Fuzzy Einstein Aggregation Operators
In this section, we suggested some new aggregation information using Einstein operation laws and studied their important properties.
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Proof. In the following, we prove the second result by using mathematical induction on n.
(1) We first prove that Equation (11) holds for n = 2. Since 
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By Definition 11, we have PTULFEWA( α 1 , α 2 , . . . , α n ) = w 1 α 1 ⊕ ε w 2 α 2 ⊕ ε . . . ⊕ ε w n α n , = w 1 α ⊕ ε w 2 α ⊕ ε . . . ⊕ ε w n α,
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Step 1. The decision makers' decisions are presented in the following Tables. Table 1 . Decision Matrix Z (1) . Table 2 . Decision Matrix Z (2) . Table 3 . Decision Matrix Z (3) . (k = 1, 2, 3, 4).
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Step 1. The decision makers' decisions are presented in the following Tables.
Step 2. Use the PTULF matrix, R (k) (k = 1, 2, 3, 4), and the PTULFEWA operator to collect the different overall preference PTL values r (k)
i (i = 1, 2, 3, 4) of the alternative A i (in Table 6 ) Step 3. Apply the PTULFEH A operator to collect the overall values see in Table 4 .
Step 4. Find the scores and ranking of A i are given in Step 5. Arrange the scores, A 1 > A 2 > A 3 > A 4 . The best one is A 1 . Table 1 . Decision Matrix Z (1) . Table 2 . Decision Matrix Z (2) . Step 5. Arrange the scores, 1 2 3
. A A A A
> > > The best one is 1 . A
Comparison Analysis with Existing Methods
To demonstrate the effectiveness of the suggested technique, a systematic comparison analysis was presented with the existing methods from [17, 18] , and [6] .
A Comparison Analysis with Existing MADM Pythagorean Trapezoidal Fuzzy Sets
Step 1. According to the decision information given in the PTFNs decision matrix ( ) ( ) Table   7 . Table 5 . Decision Matrix Z (4) . 
Comparison Analysis with Existing Methods
A Comparison Analysis with Existing MADM Pythagorean Trapezoidal Fuzzy Sets
Step 1. According to the decision information given in the PTFNs decision matrix Z (k) = z k ij in Table 7 . Step 2. Utilize the PTFWA operator to aggregate the decision matrices into a single collective decision matrix r k i of the alternative B i see in Table 8 . Suppose that the weighted vectors of the alternative are (0.3, 0.4, 0.1, 0.2) such that, Step 3. Calculate the scores ( ) i S r  of all the overall Pythagorean trapezoidal fuzzy values, shown in Step 4. Arrange all the scores, 1 2 4
. A A A A
> > > The best alternative is 1 . A
A Comparison Analysis with Existing MADM Linguistic Pythagorean Fuzzy Sets
Step. 1. The matrix given by PTULF is ( ) ( )
given in Table 9 . Table 9 . Z (k) . (2) {(0.7607,0.3866)} r (3) {(0.7742,0.6431)} r (4) {(0.5663,0.5362)}
Ai
Step 3. Calculate the scores ( ) Step 4. Arrange all the scores, A 1 > A 2 > A 4 > A 3 . The best alternative is A 1 .
A Comparison Analysis with Existing MADM Linguistic Pythagorean Fuzzy Sets
Step 1. The matrix given by PTULF is Z (k) = z k ij given in Table 9 . Step 2. Utilize the LPFWA operator to aggregate all the decision matrix into a single collective decision matrix r k i of the alternative B i in Table 10 . Suppose that the weighted vectors of the alternative are (0.3, 0.4, 0.1, 0.2) such that, (2) {(0.7607,0.3866)} r (3) {(0.7742,0.6431)} r (4) {(0.5663,0.5362)}
Step 3. Step 4. We arrange the score value in descending order such that A 3 > A 4 > A 1 > A 2 . Thus, the most desirable alternative is A 3 .
A Comparison Analysis with Existing MADM Pythagorean Fuzzy Sets
Step 1. According to the decision information given in the Pythagorean fuzzy number decision matrix Table 11 . Step 2. Utilize the PFWA operator to aggregate all the decision matrix into single collective decision matrix r k i of the alternative B i in Table 12 . Suppose that the weighted vectors of the alternative are (0.3, 0.4, 0.1, 0.2) such that, Step 3. Calculate the scores S( r i ) of all the overall intuitionistic trapezoidal fuzzy values in see in Figure 5 . S( r 1 ) = 0.2598, S( r 2 ) = 0.4292, S( r 3 ) = 0.1858, S(r 4 ) = 0.0331. Step 1. According to the decision information given in the Pythagorean fuzzy number decision matrix Table 11 . Table 11 . Z (k) . (1) {s3.6,0.6980,0.4781} r (2) {s2.3,0.7607,0.3866} r (3) {s3.3,0.7742,0.6431} r (4) {s4.8,0.5663,0.5362}
Ai
Step 3. Calculate the scores ( ) Step 4. We arrange the score value in descending order such that 2
3 4
A A A A > > > . The sensitive analysis of comparison of different aggregation operators with the proposed aggregation operators is given in Table 13 and Figure 6 . Step 4. We arrange the score value in descending order such that A 2 > A 1 > A 3 > A 4 . The sensitive analysis of comparison of different aggregation operators with the proposed aggregation operators is given in Table 13 and Figure 6 . 
Conclusions
We proposed a new PTULF operator using Einstein operations and studied some important properties. We defined different types of aggregation operators-PTULFEWA, PTULFEOWA, and PTULFEHA-using the Einstein operations. A MADM approach was presented for the proposed aggregation operators based on the PTULF environment. An illustrative example was given to show that the presented MADM approach was more accurate, general, and effective. Moreover, our presented method is different from the existing methods for MADM due to the use of PTULF numbers, which did not produce any loss of information in the process. A systematic comparison analysis was given to verify the results. In future research work, we will try to extend the work in various directions, such as confidence level, picture fuzzy set, symmetric aggregation operators, logarithmic aggregation operators, power aggregation operators, Dombi aggregation operators, and their applications in decision making. 
